Based on the mutually unbiased bases, the mutually unbiased measurements and the general symmetric informationally complete positive-operator-valued measures, we propose three separability criteria for d-dimensional bipartite quantum systems, which are more powerful than the corresponding ones introduced in [C. 
Introduction
Entanglement regarded as a physical resource plays a key role in the quantum information and computation [1] . Naturally, one of the fundamental problems is determining whether a given quantum state is entangled or not. This problem is easy for pure states; see, e.g., [2] . However, until now, there are no general practical criteria for general mixed states [3] . In the last decades, many efforts have been made to give various special criteria for entanglement detection. There are PPT criteria [4, 5] , realignment criteria [2, 6, 7] , correlation matrix criteria [8] , local uncertainty relation criteria [9] , quantum Fisher information criteria [10] and so on; see, e.g., [11] for a comprehensive survey.
Recently, some quantum measurements have been used to detect entanglement. In [12] , the authors first connected mutually unbiased bases (MUBs) [13] with the detection of entanglement in bipartite, multipartite and continuous-variable quantum systems. For the bipartite case, the example of isotropic states showed that a complete set of MUBs can provide a more efficient criteria [12] . However, it is still not known that whether there exists a complete set of MUBs or not in non-prime-power dimensions [14] . In [15] , the concept of MUBs is generalized to mutually unbiased measurements (MUMs), which is then used to detect entanglement in the bipartite quantum systems [16] . Unlike MUBs, for some special choices of the involved parameter, the complete set of MUMs can be constructed explicitly in all finite dimensions. Using similar ideas, Chen et al. [17] proposed another criteria based on the general symmetric informationally complete (GSIC) positive-operator-valued measures (POVMs) [18] . Compared with the criteria based on MUMs, this criteria requires less local measurements.
The criteria mentioned above have mainly two merits. Firstly, they are powerful in the detection of entanglement [12, 16, 17] . Secondly, in comparison with other criteria including, for example, PPT criteria, realignment criteria and correlation matrix criteria, these criteria can be relatively easy to be implemented experimentally, since they only depend on some local measurements.
In this paper, by making use of MUBs, MUMs and GSIC-POVMs, we propose three separability criteria based on ρ − ρ A ⊗ ρ B , where ρ is a bipartite density matrix in
is the reduced density matrix of the first (second) subsystem. These derived criteria also provide easily experimental ways in the entanglement detection of unknown quantum states. Strict proofs show that these criteria are stronger than the corresponding ones in [12, 16, 17] . Moreover, some well-known examples are supplemented to verify the efficiency of the presented results. It is worth noting that the realignment criteria introduced in [7] also depends on ρ − ρ A ⊗ ρ B .
The remainder of the paper is arranged as follows. In Section 2, some preliminaries about MUBs, MUMs and GSIC-POVMs are reviewed. In Section 3, we derive three separability criteria based on MUBs, MUMs and GSIC-POVMs, and provide proofs and examples to illustrate the efficiency of the proposed criteria. Some concluding remarks are given in Section 4.
MUBs, MUMs and GSIC-POVMs
In C d , a set of orthonormal bases
is said to be a set of mutually unbiased bases (MUBs) if, for any i = j, B i is mutually unbiased with B j , i.e.,
It has been shown in [19] that m is at most d + 1. Nevertheless, whether a complete set of MUBs, i.e., m = d + 1, exists or not in non-prime-power dimensions is still unknown [14] .
By the fact that an orthonormal base B k = {|0 k , · · · , |d − 1 k } can be equivalently defined as a positive-operator-valued measure (POVM) {E 0 , · · · , E d−1 } with E i = |i k i k |, the concept of MUB is generalized to the mutually unbiased measurement (MUM) in [15] as follows. Two measurements on C d ,
are said to be MUMs if and only if
, where the efficiency parameter κ satisfies
, a complete set of MUMs exists, then the measurement operators reduce to rank one projectors given by MUBs. Thus, for a fixed parameter κ, the existence of a complete set of MUMs cannot be guaranteed. Nevertheless, for some special choices of κ, the complete set of MUMs can be explicitly constructed in all finite dimensions; see [15] for the concrete construction.
We now introduce the general symmetric informationally complete (GSIC) POVM established in [18] . The set Q m |Q m ≥ 0,
where the parameter α satisfies
there exist GSIC-POVMs, then they reduce to SIC-POVMs; see, e.g., [20] and references therein. Similar to MUMs, for some special choices of α, the complete set of GSIC-POVMs can be constructed explicitly in all finite dimensions [18] .
Entanglement detection
Entanglement detection via MUBs. Let D m = {B 1 , · · · , B m } be a set of MUBs defined as in (1) . It was shown in [12] that, if the state ρ in
In particular, for a complete set of MUBs, it holds M d+1 (ρ) ≤ 2. For simplicity, this criteria will be called MUB-criteria. We now present a separability criteria due to MUBs.
In particular, for a complete set of MUBs, it holds
Proof. Any separable state ρ can be written as ρ =
) denotes the pure sate density matrix acting on the first (second) subsystem. Thus, it is easy to get
given in [7] , we obtain
In the second inequality, we have used Cauchy-Schwarz inequality. The third inequality is due to
✷ The following proposition shows that Theorem 1 is more efficient than the MUBcriteria. Proposition 1. Theorem 1 is stronger than the MUB-criteria.
Proof. For any state ρ in C d ⊗ C d , we only need to prove the inequality (2) holds if the inequality (3) holds. In fact, assume that (3) holds. Then we can get
Thus, the inequality (2) 
This criteria will be called MUM-criteria. We now provide a criteria based on MUMs. 
Proof. Since ρ − ρ A ⊗ ρ B can be written as in the form (4), we get
where we have used the Cauchy-Schwarz inequality, and n ̺)) 2 = 1 + κ for any pure state ̺ in C d [15] . ✷ Similar to the proof of Proposition 1, we can easily get that Theorem 2 is stronger than the MUM-criteria. For κ = 1, Theorem 2 reduces to the case m = d + 1 of Theorem 1.
Entanglement detection via GSIC-POVMs. Let
be any two sets of GSIC-POVMs with the same parameter α. It was shown in [17] that, for any separable state ρ in
It will be said to be GSICM-criteria. We now provide the criteria due to GSIC-POVMs.
be any two sets of GSIC-POVMs with the same parameter α. If the state ρ in
Proof. It is trivial by an analogous argument as in Theorem 2 and
d(d+1) for any pure state ̺ in C d [22] . ✷
Similar to Proposition 1, it is easy to prove that Theorem 3 is stronger than the GSICM-criteria.
In what follows, we shall provide some examples to illustrate the efficiency of the presented criteria in this paper.
Example 1. Consider the d-dimensional
Bell-diagonal state [25] used in [12, 16, 17] Since Theorem 1 and MUB-criteria with m = d + 1 can be regarded as special cases of Theorem 2 and MUM-criteria, respectively, we do not compare them here.
Comparison of Theorem 2 and MUM-criteria. Clearly, S(ρ Bell ) can be written as
and the right hand side of the inequality (5) 
n U ab , where · denotes the conjugation of the corresponding matrix. From (7), it is easy to get
From Theorem 2, it follows that ρ Bell is entangled if
κd(d+1) . By (i) and (ii), we conclude that if
holds, then ρ Bell is entangled. However, by similar methods, the MUM-criteria can only detect the entanglement for c ab > κ+1 κ(d+1) [16] . It is obvious that the values of κ affect the performance of the entanglement detection of Theorem 2. Surprisingly, entanglement conditions (8) and (9) are more efficient when κ gets larger and smaller, respectively. Thus, in order to detect more entanglement of Bell-diagonal states, the balance for the values of κ is necessary. Another interesting conclusion can be drawn that, if one of the coefficients c st , s, t = 0, · · · , d − 1 is zero, that is c f g = 0, then ρ Bell must be entangled by (9) .
Comparison of Theorem 3 and GSICM-criteria. From Tr(
and the right hand side of (6) is
The following two cases are considered.
By Theorem 3, ρ Bell is entangled if
. Due to (i) and (ii), we conclude that, if
holds, then ρ Bell is entangled. However, by similar methods, the GSICM-criteria can only detect the entanglement for c ab > αd 2 +1 αd 2 (d+1) [17] . Similar to the parameter κ in Theorem 2, the parameter α also plays an important role in the entanglement detection of Theorem 3. 
where −1 ≤ g ≤ 1, the "flip" or "swap" operator η can be represented as η = 
Since T (ρ W ) > 1+κ if and only if g > 1, MUM-criteria can not detect any entanglement of Werner states. We now use Theorem 2 to detect the entanglement of Werner states. The left and right hand sides of (5) are, respectively,
Since S(ρ W ) > 1 + κ − Comparison of Theorem 3 and GSICM-criteria. Setting Q k = P k , we get
d(d+1) if and only if g > 1, similar to MUM-criteria, GSICM-criteria can not detect any entanglement in Werner states.
We now apply Theorem 3. The left and right hand sides of (6) are, respectively,
As a conclusion, the detection ability of Theorem 3 is the same as that of Theorem 2 for d-dimensional Werner states. Both of them are more efficient than the MUMcriteria and GSICM-criteria.
Example 3. The following well-known 3 × 3 bound entangled state was given by Horodecki [5] : 
where 0 < a < 1. We consider the mixture of this state with the maximally entangled state |φ =
where 0 ≤ p ≤ 1. The complete sets of MUMs and GSIC-POVMs are constructed from the generalized Gell-Mann operators; see [15] and [18] for the detailed constructions. If we take Q (b)
n , Q k = P k , then from MATLAB computations we find that the same entangled conditions can be obtained by MUM-criteria and GSICM-criteria (respectively, Theorems 1 and 2) for a fixed value of a. The numerical results with different values of a are displayed in Table  1 . It can be seen that Theorems 1-2 are more efficient than the MUM-criteria and GSICM-criteria. Nevertheless, the difference between them becomes smaller as a gets larger. 
Conclusion
In this paper, MUBs, MUMs and GSIC-POVMs have been used to study the entanglement detection of the bipartite quantum systems. Based on ρ − ρ A ⊗ ρ B , we have presented three separability criteria, i.e., Theorems 1-3, which, by strict proofs, are more efficient than the detection methods introduced in [12, 16, 17] , respectively. By taking Bell-diagonal states, Werner states, the mixture of Horodecki's 3 × 3 bound entangle state and the maximally entangled state as examples, we have shown that the performance of the presented criteria depends on not only the values of involved parameters κ and α, but also the choice of the complete set of measurements. Compared with some criteria including PPT criteria and realignment criteria, the criteria given by Theorems 1-3 are relatively easy to be implemented experimentally, since only some local measurements are used. The relations between the presented criteria and other detection methods such as PPT criteria, realignment criteria and correlation matrix criteria need to be studied in the future. How to construct new efficient separability criteria by using measurements is also an interesting problem.
